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Abstract We study a purely gravitational Aharonov-Bohm effect. The space-time curvature
is concentrated in the quasiregular singularity of a cosmic string, outside of which space-
time is (locally) flat. The symmetries of this field configuration are described by the groupoid
symmetries rather than by the usual group symmetries. The groupoid in question is formed
by homotopy classes of piecewise smooth paths in the cosmic string region. A gravitational
counterpart of the Aharonov-Bohm effect occurs if the symmetry of the system, with respect
to the groupoid action, is broken down.

Keywords Gravitational Aharonov-Bohm effect · Quasiregular singularity · Fundamental
groupoid

1 Introduction

There are several versions of what is called Aharonov-Bohm effect. The most commonly
referred to is the one in which a charged particle travels around a solenoid that encloses
a magnetic field, but produces no field outside in the region in which the particle travels.
In spite of this, the particle exhibits a phase shift that can be experimentally observed. An
analogous effect is expected to occur in the case of gravitational field [1, 2, 4]. The required
field configuration is when, for example, space-time curvature is concentrated in a cosmic
string and is zero outside of it. More generally, by gravitational Aharonov-Bohm effect
authors sometimes understand situations in which motions, in locally flat regions of space-
time, exhibit behavior different from that in the Minkowski space-time [3].
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In the literature, various such effects were considered, for instance: in a weak field ap-
proximation [8], with the use of either Klein-Gordon equation [3] or Dirac’s equation [12],
or as a combination of gravitational and magnetic effects [14] (this is by no means a fair sam-
ple of works done in this field). In the present paper, we focus on the purely gravitational
analogue of the Aharonov-Bohm effect caused by the space-time curvature concentrated in
the quasiregular singularity of a cosmic string. Our main investment into the problem is
that the symmetries of the investigated configuration are not the usual group symmetries,
but rather generalized groupoid symmetries. We further assume only very mild properties
of the detecting particle: its quantum states are described by elements of a Hilbert space
that naturally appears in our formalism, and its position observable is given by the usual
multiplicative operator on this Hilbert space.

In Sect. 2, we recall the groupoid definition and some related concepts just to fix notation
and to make the paper self-contained. In Sect. 3, we present the method of representing the
groupoid structure on a Hilbert space, and its “reduction” to functions defined on the base
space. After reminding, in Sect. 4, the structure of the fundamental groupoid of piecewise
smooth paths on a manifold, we construct, in Sect. 5, such a groupoid around the quasiregu-
lar singularity of a cosmic string and, by using the method presented in Sect. 2, we formulate
the condition which, if satisfied, the phase shift occurs rendering the position measurement
impossible. Purely gravitational Aharonov-Bohm effect occurs only if the field configura-
tion around the cosmic string is not symmetric with respect to the action of the considered
groupoid.

2 Preliminaries

Let us start with the groupoid definition [10]:

Definition 1 A groupoid Γ over Γ0, or a groupoid with base Γ0, is a 7-tuple
(Γ, d, r, ε, i,m;Γ0) consisting of the following elements:

– the sets Γ and Γ0,
– the surjections (d, r) : Γ → Γ0 called the source and the target maps, respectively,
– the injection ε : Γ0 → Γ , γ �→ ε(γ ), called the identity section,
– the map i : Γ → Γ , γ �→ i(γ ) = γ −1, called the inversion map.

A composition law is defined m : Γ (2) → Γ , (γ, ξ) �→ m(γ, ξ) = γ ξ , with the domain
Γ (2) := {(γ, ξ) ∈ Γ × Γ |d(γ ) = r(ξ)}, such that the following axioms are satisfied:

(a) (associativity law) for arbitrary γ, ξ, η ∈ Γ the triple product (γ ξ)η is defined iff γ (ξη)

is defined. In such a case we have

(γ ξ)η = γ (ξη),

(b) (identities) for each γ ∈ Γ we have

ε(r(γ ))γ = γ ε(d(γ )),

(c) (inverses) for each γ ∈ Γ

γ i(γ ) = ε(r(γ )),

i(γ )γ = ε(d(γ )).
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A groupoid Γ over Γ0 is also denoted by (Γ, d, r;Γ0) or by Γ
d

⇒
r

Γ0. In the categorial

language, the set Γ0 is called the set of objects, and the set Γ the set of morphisms. The
mapping ε : Γ0 → Γ associates the identity morphism idx with every x ∈ Γ0.

For each γ ∈ Γ we define the sets

Γ x = {γ ∈ Γ |r(γ ) = x, x ∈ Γ0},
Γx = {γ ∈ Γ |d(γ ) = x, x ∈ Γ0}.

Definition 2 A groupoid Γ over Γ0 is said to be transitive if the map (r, d) : Γ → Γ0 × Γ0,
given by

(r, d)(γ ) = (r(γ ), d(γ )), ∀γ ∈ Γ,

is surjective.

The following proposition holds [5]:

Proposition 1 If Γ is a groupoid over Γ0, then

(i) for each x ∈ Γ0, the set Γ x
x = Γ x ∩ Γx is a group, called the isotropy group at x,

(ii) if d(γ ) = x, r(γ ) = y then the map ω : Γ x
x → Γ

y
y , ω(η) = γ −1ηγ , is an isomorphism

of groups,
(iii) ε(x) is the identity of Γ x

x ,
(iv) if Γ is transitive, then the isotropy groups of Γ are isomorphic.

Let us notice that with each equivalence relation R on a set X, R ⊂ X × X, we can as-

sociate the groupoid R
d

⇒
r

X and, vice versa, any groupoid Γ over a set X, where (X = Γ0),

determines an equivalence relation R ⊂ X × X. Indeed, let R be an equivalence relation
on X. The groupoid associated with R is defined by regarding two projections π2(y, x) = x

and π1(y, x) = y as the source and target maps d and r , respectively. Taking into ac-
count that R is transitive, the composition of elements is defined in the following way:
(y, z)(z, x) = (y, x). Let now Γ be a groupoid over X. We say that x ∈ X remains in the
relation with y ∈ X if and only if there exist γ ∈ Γ such that d(γ ) = x and r(γ ) = y. By

using the categorial language we can say that in the groupoid R
π1
⇒
π2

X there exists a unique

morphism (an arrow) from x to y, x, y ∈ X, whereas in the groupoid Γ over X there can

exist many morphisms (arrows) from x to y. To obtain the groupoid isomorphic with R
π1
⇒
π2

X

we introduce on Γ the following equivalence relation ρ

Definition 3 Let γ, ξ ∈ Γ . We say that γ ρ ξ ⇔ d(γ ) = d(ξ), r(γ ) = r(ξ).

Let us make the quotient Γρ := Γ/ρ. The equivalence class of γ ∈ Γ is denoted by
[γ ] ∈ Γρ , and the natural projection πρ : Γ → Γρ is given by πρ(γ ) = [γ ]. On Γρ we intro-
duce the groupoid structure by defining: (a) source and target mappings d([γ ]) := d(γ ),
r([γ ]) := r(γ ); (b) product [γ ][ξ ] := [γ ξ ]; (c) inverse [γ ]−1 := [γ −1]; (d) inclusion
ε([d([γ ])]) := [ε(d(γ ))].
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Proposition 2 Let Γ be a groupoid over a set X. The groupoid Γρ is isomorphic with the
groupoid R ⊂ X × X associated with Γ .

Proof The mapping f : Γρ → R given by f (a) = (y, x) for every a ∈ Γρ , such that d(a) =
x, r(a) = y is clearly an isomorphism of groupoids. Let us, for instance, consider a, b ∈ Γρ

such that d(a) = x, r(a) = y, r(b) = x, d(b) = z. Then the product is

f (ab) = (y, z) = (y, x)(x, z) = f (a)f (b),

and from the construction it follows that f is both surjective and injective. �

3 Reduction of the Left Regular Groupoid Representation

Let us assume that Γ is equipped with a left Haar system of measures [11], and let X = Γ 0.
We consider the Hilbert space Hx = L2(Γ x), x ∈ X, with the scalar product < ·, · >x (with
respect to the corresponding measure), and the bundle of Hilbert spaces H = {Hx}x∈X .

We define a unitary operator U(γ ) : Hd(γ ) → Hr(γ ) by

[U(γ )(ψ)](γ ′) = ψ(γ −1γ ′),

where ψ ∈ L2(Γ d(γ )), γ ′ ∈ Γ r(γ ). The operator U satisfies the following conditions

(i) U(ε(x)) = id|Hx , ∀x ∈ X,
(ii) U(γ1γ2) = U(γ1)U(γ2), ∀(γ1, γ2) ∈ Γ 2,

(iii) U(γ −1) = U(γ )−1.

The pair (U,H) is said to be the left regular representation of the groupoid Γ over X [11].
Now, we want to transfer the action of the representation (U,H) to a certain subset of

functions belonging to L2(Γ x) so as these functions could be regarded as functions defined
on X. This process is called the reduction of the representation (U,H) of the groupoid Γ .

We assume that there exists a function α : Γ → C with the following properties

(i) α(γ1γ2) = α(γ1)α(γ2), ∀γ1, γ2 ∈ Γ (2),
(ii) α∗(γ ) = α(γ −1),

(iii) α−1(γ ) = α(γ −1),
(iv) α(ε(x)) = 1, ∀x ∈ X.

We further assume that the functions ψ ∈ L2(Γ d(γ )) satisfy the following condition (called
structural condition)

ψ(γ ) = α(−1)ψ(γ ),

where γ ∈ Γ ,  ∈ Γ
d(γ )

d(γ ) .
Let us define the function ϕ : Γ → C by

ϕ(γ ) = α(γ )ψ(γ ).

For  ∈ Γ
d(γ )

d(γ ) we obtain

ϕ(γ ) = α(γ )ψ(γ )

= α(γ )α()α(−1)ψ(γ )

= α(γ )ψ(γ )

= ϕ(γ ).
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Moreover, from the properties of the function α we have

< ϕ,ϕ >d(γ ) = < αψ,αψ >d(γ )

= < ψ,ψ >d(γ ) .

Hence, ϕ ∈ L2(Γ d(γ )).
Let us notice that any two morphisms γ1, γ2 such that γ1 ρ γ2 can be written as

γ1 = (γ2γ
−1
2 )γ1 = γ2(γ

−1
2 γ1),

where γ −1
2 γ1 ∈ Γ

d(γ )

d(γ ) . Consequently,

γ1 ρ γ2 ⇒ ϕ(γ1) = ϕ(γ2(γ
−1
2 γ1)) = ϕ(γ2).

Any function having this property is said to be consistent with the relation ρ [7]. Therefore,
ϕ determines the function ϕ̂ : Γρ → C given by

ϕ̂([γ ]) = ϕ̂ ◦ πρ(γ ) = ϕ(γ ),

where πρ : Γ → Γρ is the natural projection. We assume that ϕ̂y ∈ Γ d([γ ])
ρ where d([γ ]) = y

is an element of the Hilbert space L2(Γ d([γ ])
ρ ).

Now, we transfer the action of the operator U to the functions ϕ̂ according to the follow-
ing diagram

ψy ∈ L2(Γ d(γ ))
U−→ ψ ′

x ∈ L2(Γ r(γ ))

̂◦ α ·
⏐

⏐

� ̂◦ α ·
⏐

⏐

�

ϕ̂y ∈ L2(Γ d([γ ])
ρ )

̂U−→ ϕ̂ ′
x ∈ L2(Γ r([γ ])

ρ ).

Let γ ′, γ ∈ Γ , and let us consider the situation displayed on Fig. 1.

Fig. 1
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With the help of this diagram we compute

[Ū (γ )ϕ̂ ]([γ ′]) = ϕ̂′([γ ′])
= ϕ′(γ ′)
= α(γ ′)ψ ′(γ ′)
= α(γ ′)ψ(γ −1γ ′)
= α(γ ′)α−1(γ −1γ ′)α(γ −1γ ′)ψ(γ −1γ ′)
= α(γ ′)α−1(γ −1γ ′)ϕ(γ −1γ ′)
= α(γ ′)α−1(γ ′)α−1(γ −1)ϕ(γ −1γ ′)
= α(γ )ϕ̂([γ −1γ ′]).

Since the groupoid Γρ is isomorphic with the groupoid associated with the relation R we
can write

[γ ′] = (x, z), γ −1 = (y, x),

for γ such that d(γ ) = y, r(γ ) = x and γ ′ such that d(γ ′) = z, r(γ ′) = x. We thus have

[γ −1γ ′] = [γ −1][γ ′]
= (y, x)(x, z)

= (y, z).

Hence, we obtain the following formula for the action of the representation Û on functions ϕ̂

[̂U(γ )ϕ̂ ](x, z) = α(γ )ϕ̂(y, z).

Let us consider γ1, γ2 ∈ Γ such that d(γ1) = d(γ2) = y and r(γ1) = r(γ2) = x. The
situation is shown on Fig. 2.

We have

[̂U(γ1)ϕ̂ ](x, z) = α(γ1)ϕ̂(y, z),

[̂U(γ2)ϕ̂ ](x, z) = α(γ2)ϕ̂(y, z).

Hence,

[̂U(γ2)ϕ̂ ](x, z) = α(γ2)α
−1(γ1)α(γ1)ϕ̂(y, z)

= α(γ2γ
−1
1 )α(γ1)ϕ̂(y, z)

= α(γ2γ
−1
1 )[̂U(γ1)ϕ̂ ](x, z),

(1)

where γ2γ
−1
1 ∈ Γ x

x .
The above process is called reduction of the left regular groupoid representation.
From the properties of the function α : Γ → C it follows that α|Γ x

x
is a unitary represen-

tation of the isotropy group.

Fig. 2
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4 Fundamental Groupoid

In this section we collect some information regarding the concept of fundamental
groupoid [11]. Let M be a differential manifold, and P(M) the set of piecewise smooth
paths on M , i.e., the set of piecewise smooth mappings from the interval [0,1] into M

P(M) = {γ : [0,1] → M}.
From now on, γ will no longer denote elements of the groupoid Γ but rather the above

mappings. We introduce on P(M) the following equivalence relation: we say that γ ∼ γ ′ if
γ and γ ′ are homotopic (with fixed endpoints).

Let us consider the set Γ = P(M)/ ∼, and the natural projection p : P(M) → Γ given
by

p(γ ) = [γ ].
We equip the set Γ with the groupoid structure by defining the source and target mappings
in the following way

d : Γ → Γ0, d([γ ]) = γ (0),

r : Γ → Γ0, r([γ ]) = γ (1).

The set of composable elements is

Γ (2) = {([γ ], [γ ′]) ∈ Γ × Γ |γ (0) = γ ′(1)),

and the composition [γ ][γ ′] = [γ γ ′] is defined to be

γ γ ′(t) =
{

γ (2t − 1) if 1/2 ≤ t ≤ 1,

γ ′(2t) if 0 ≤ t ≤ 1/2.

The groupoid Γ is called fundamental groupoid. The following proposition holds.

Proposition 3 The fundamental groupoid Γ is a Lie groupoid.

Proof can be found in [9].
From the fact that Γ is a Lie groupoid, it follows that a system of left Haar measures can

be defined on it. The Hilbert space L2(Γ x), for every x ∈ M , is also well defined.
Let us define the function α : Γ → C. If γ1, γ2 ∈ [γ ], we look for a function α constant

on γ1 and γ2, i.e., α(γ1) = α(γ2). This function determines the function α by

α([γ ]) = α(γ ),

where γ ∈ [γ ]. To find the function α we consider a closed 1-form θ = ∑

aidxi , dθ = 0,
where ai are smooth on M . In such a case

∫

γ1

θ =
∫

γ2

θ,

where γ1, γ2 ∈ [γ ]. We finally define the functions α and α by

α([γ ]) := α(γ ) := exp

(

i

∫

γ

θ

)

, (2)

where γ ∈ [γ ].
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5 Quasiregular Singularity of a Cosmic String

Let X be a space-time containing a cosmic string [15]. We assume that the cosmic string is
situated along the z-axis and its energy-momentum tensor is given by T t

t = T z
z = 2πμδ(r)

r

where μ = 1
4G

( 1−A
A

) is a mass density, and 0 < A < 1. By solving Einstein’s equations we
obtain the following metric on the space-time X

ds2 = dt2 − dr2 − Ar2dθ2 − dz2.

The isometric transformation of coordinates � = Aθ leads to the flat space-time with the
metric [6]:

ds2 = dt2 − dr2 − r2d�2 − dz2,

where 0 < � < 2πA = 2π − β < 2π . Locally, X is a Minkowski space, but it contains the
singularity at r = 0. Such a space-time can be obtained from the usual Minkowski space by
removing points r = 0 and identifying (t, r, φ + kβ, z) ∼ (t, r, φ, z) for k ∈ N.

Since we are interested in space coordinates of the manifold X, we decompose space-
time (locally) into time t and hypersurfaces t = const. We consider one of such hypersurfaces
and denote it by M . Let Γ be a fundamental groupoid over M . Since every two points
x, y ∈ M can be connected by a smooth curve, the groupoid Γ is transitive. Consequently,
Γ/ρ is isomorphic with the pair groupoid R = M × M as shown on the following diagram

Γ/ρ ←→ M × M

d

⏐

⏐

�

⏐

⏐

�r π1

⏐

⏐

�

⏐

⏐

�π2

M ←→ M

Wave functions ϕ̂ are thus defined on the entire Cartesian product M × M . We will now
construct the function α : Γ → C. Let us consider a 1-form ω on M . In the Cartesian coor-
dinates x1, x2, x3 we have

ω = −�

2π

x2

r2
dx1 + �

2π

x1

r2
dx2,

where � = const, r2 = (x1)2 + (x2)2 and x3 = z. 1-form ω is closed. Let us notice that every
closed 1-form on M with quasiregular singularity is cohomologically equivalent to the above
1-form [13]. Let γ be a curve such that γ (0) = z, γ (1) = x; from now on x, z ∈ M . From
formula (2) we have

α(γ ) = exp

(

i

∫

γ

ωμ(x1, x2, x3)dxμ

)

.

In the previous section, we have seen that if γ1 ρ γ2 then

α(γ1) = α(γ2) = α([γ1]),
where γ1 ∈ Γ .

Let us consider a curve γ that encircles the singularity r = 0 n-times. Since the integral
exp(i

∫

γ
ωμ(x1, x2, x3)dxμ) does not depend on the shape of the curve γ , we perform our

computations for the circle C of a radius R centered at r = 0
∫

γ

ωμdxμ =
∫

C

ωμdxμ = �n

(

1 − β

2π

)

.
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Fig. 3

Hence, we obtain

α(γ ) = exp

{

i�n

(

1 − β

2π

)}

. (3)

Wave functions ϕ̂ on M depend on two variables, ϕ̂(x, z), x, z ∈ M . By fixing z ∈ M for
all pairs (x, z) ∈ M × M we obtain a wave function depending on one variable; we denote
it by φ(x) = ϕ̂(x, z).

Let us consider the action of the operator ̂U on functions φ. The situation is presented on
Fig. 3.

For this situation, from formula (1) we have

[̂U(γ2)φ](x) = α(γ2γ
−1
1 )[̂U(γ1)φ](x)

= exp

{

i�

(

1 − β

2π

)}

[̂U(γ1)φ](x). (4)

Here n = 1 since γ2γ
−1
1 is a loop that encircles the singularity only once.

From formula (4) it follows that the phase of the wave function on M depends on the
total curvature of the manifold M contained in the cosmic string (in the angle defect β). It
is a gravitational counterpart of the Aharonov-Bohm effect.

We can also look at this effect in the following way. The groupoid Γ over M naturally
acts on the manifold M . Let

Γ � M := {(γ, x) ⊂ Γ × M | d(γ ) = x}.
The left action of Γ on M is a mapping Γ � M → M denoted by (γ, x) �→ γ x, and given
by γ x = r(γ ). It has the following properties

(ii) (γ ξ)x = γ (ξx),
(iii) (ε(x))x = x.

We now consider the position observable x̂ in the presence of the cosmic string. Let us
first write the wave function ϕ̂(x, z) as

ϕ̂x := ϕ̂(x, z).

It belongs to Hx = L2(Rx). The support of ϕ̂x consists of elements of the pair groupoid
R = M × M that end at x. As we can see, Û satisfies the conditions of the groupoid repre-
sentation, i.e., it acts between elements of different Hilbert spaces indexed by x ∈ M . This
is shown in the following diagram

y ∈ M
γ−→ x ∈ M

⏐

⏐

�

⏐

⏐

�

ϕ̂y ∈ Hy

̂U−→ (̂U(γ )ϕ̂ )x ∈ Hx
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Let us notice that for different γ1, γ2, such that x = γ1y = γ2y, we obtain the wave func-
tions (̂U(γ1)ϕ̂ )x , (̂U(γ2)ϕ̂ )x with different phases (given by (3)).

If the considered system is symmetric with respect to the actions of the groupoid Γ , then

�

(

1 − β

2π

)

= 2πm

for m ∈ Z. From this it follows that the constant � can assume only discrete values

� = 2πm

(1 − β

2π
)
. (5)

This means that the representation α|Γ x
x

is trivial for every x ∈ M .
This result can be interpreted in the following way. If � is different from the one given by

(5) then the interference occurs (there is a phase difference), and the position measurement
is impossible. If, however, � is given by (5), there is no phase difference and the position
measurement is possible.

To sum up, if a physical system, in the presence of a cosmic string, is symmetric with
respect to the action of the groupoid Γ , we do not observe the Aharonov-Bohm effect, and
we are able to measure the position of a particle (there is no interference of wave functions).
However, if such a symmetry does not exist, the phase difference causes the interference
of wave functions, and the latter depends on the total curvature of the manifold contained
in the quasiregular singularity of the cosmic string. The effect is purely gravitational since,
in spite of the fact that the particle moves in a flat region of space-time around the cosmic
string, it behaves differently than in the Minkowski space-time.
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